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Abstract—This paper deals with the dynamics of isothermal, axisymmetric, viscous liquid columns held 
by capillary forces between two circular, concentric, solid disks. The transient response of the bridge to 
an excitation consisting of a small change in the value of the acceleration acting along its axis has been 
solved by using a linearised one-dimensional Cosserat model, which includes viscosity effects. The main 
hypothesis of this model is that the axial velocity is considered constant in each section of the liquid bridge. 
The analysis has been performed by using the Laplace transform. 
INTRODUCTION 
The liquid bridge configuration considered here con-
sists, as sketched in Fig. 1, of an isothermal, axisym-
metric mass of liquid held by surface tension forces 
between two parallel, coaxial, circular solid disks. 
Such a fluid configuration can be uniquely identified 
by the following set of dimensionless parameters: the 
ratio of the radius of the smaller disk, /?,, to the 
radius of the larger one R2, K = RJR2; the slender-
ness, A = Lj2R0, where RQ = (R{ + R2)/2 and L is the 
distance between both disks; the dimensionless vol-
ume of liquid, V = V//JJ, V being the physical vol-
ume; the Bond number, B = pgRl/a, and the 
capillary number, C = v(p/oR0)>12 (the square root of 
the Ohnesorge number, Oh = C2), where p is the 
liquid density, g the axial acceleration, a the surface 
tension and v the kinematic viscosity. 
In this paper, a linear theoretical model of the 
dynamic response of viscous axisymmetric liquid 
bridges due to small changes in the value of the axial 
acceleration acting on the liquid is presented. Most of 
the published studies related to the liquid bridge 
response to forcing perturbations are concerned with 
harmonic perturbations [1-5]. Non-harmonic pertur-
bations have been considered in [6], where a one-di-
mensional inviscid slice model was used to analyze 
the liquid injection or removal in the liquid bridge 
and in [7], where the same problem here considered 
is analytically solved by using a one-dimensional 
Cosserat model, including viscosity effects, although 
in that case the analysis is restricted to cylindrical 
liquid bridges (V = 2nA) between equal disks (K = 1) 
and in gravitationless conditions (B = 0) (in this case 
the interface at rest is a cylinder). 
To solve the problem Cosserat's one-dimensional 
model for continuum media has been used. This 
model has been used for capillary jet problems and 
for liquid bridge problems, and has proved to give 
satisfactory results, when compared with 3-D models 
results, provided that the slenderness of the liquid 
bridge is large enough (A > 1). 
In the following, unless otherwise stated, all physi-
cal quantities are made dimensionless using the 
characteristic length ^0 and the characteristic time 
(pRl/aY12. 
MATHEMATICAL MODEL 
In carrying out the analysis the following assump-
tions are introduced: first the properties of both the 
liquid (density and viscosity) and the interface (sur-
face tension) are assumed uniform and constant, and 
second the effects of the gas surrounding the liquid 
bridge are negligible. In addition, since only axisym-
metric configurations are considered, the solution of 
the problem is assumed to be independent of the 
azimuthal coordinate. Under such assumptions the 
set of nondimensional differential equations and 
boundary conditions for the axisymmetric, non-
rotating viscous flow, according to the Cosserat 
model [7, 8], are 
S, + Q2 = 0, (1) 
®S--{S 2>:--(Q/S)] 
= -SP.--C S2(QIS):! 
+ 3C[S(QIS):]: (2) 
where 
2 = 
Q, + (Q2/S): 
P = 4(25 + S1 - SS.:){4S + S1)'112 + B{t)z. 
In these expressions S = F2 and Q = F2 W rep-
resent the cross-sectional area at z, t and the axial 
momentum of a slice, respectively. F(z, t) is the 
dimensionless position of the liquid-gas interface and 
W(z, t) the axial velocity (assumed to be uniform in 
each plane parallel to the disks) whereas P(z, t) 
accounts for both hydrostatic pressure and capillary 
pressure jump. The subscripts t and z indicate deriva-
tives with respect to time and axial coordinate, 
respectively. 
Fig. 1. Geometry and coordinate system for the liquid 
bridge problem and sketch of the spatial grid used in 
computations. 
The formulation must be completed with suitable 
boundary conditions, which state that the interface 
must remain anchored to the disk edges and that 
the axial velocity at each one of the disks must be 
zero 
S{±A, /) = [1 ±(1 - K)l(\ + K)]\ Q{±A, f) = 0. (3) 
The initial conditions are assumed to be 
S(z,0) = S0(z), 2(z,0) = 0 (4) 
that is, the liquid bridge is at rest at t = 0. In addition, 
one more condition could be introduced stating 
the overall mass conservation during the evolution, 
that is 
S(z, r)dz =7i 5„(z)dz = K (5) 
although it can be deduced by integrating (1) taken 
into account (3) and (4). 
In the following it is assumed that the value of 
Bond number suddenly changes from the initial value 
B = Ba to a new one 
B = B0 + e@(t) (6) 
where e stands for the magnitude of the change, 
(£«1) and @(t) is a function of time [3S(t) = Q for 
« < 0 ] . 
Such dependence with time of Bond number will 
affect both the interface shape and the velocity field, 
in such a way that the variables could be expanded 
as 
S(z, t) = S0(z) + es(z, 0 + o(O 
Q{z, t) = eq{z,t) + o{e) 
P{z,t) = P, + iP{z,l) + o{e). (7) 
The introduction of these expressions in (l)-(5), 
neglecting second order terms, gives the following set 
of problems: 
Zero-order problem 
4[250 + (S 0 l ) 2 -S 0 SU 
x[4S0 + (S0l)2ril2 + B0z-P0 = Q (8) 
S0(±A) = [\±(\-K)I(\+K)]2 (9) 
S0(z)dz = V (10) 
e-order problem 
s, + qs = 0 (11) 
9, - I (So Izu So-.-. q,)= ~ S0P: 
- i C[Sta/So)„L + 3C[S0te/SoU (12) 
/; = 12[So + (SO;)2]-5'2(2So + S0S0J 
x(2* + V . - ) -4 [S 0 + (So.-)2]-3'2 
x [(4 + S0:z)s + S„A- + S0s2:] + 3S(t)z (13) 
s(±A,t) = q(±A,t) = 0 (14) 
(15) s(z,0) = q{z,Q) = 0 
s(z,t)dz=0. (16) 
Note that the zero-order problem corresponds to the 
static problem which defines the interface equilibrium 
shape at t = 0; therefore, since S0(z) also appears in 
the £-order problem, the zero-order problem must be 
solved before solving the liquid bridge dynamics. 
The introduction of (13) into (12) allows the 
elimination of p(z, t). To eliminate s(z, t) from the 
formulation, equations (11) and (12) should be used 
simultaneously. Differentiation of (12) with respect to 
time and of continuity equation (11) with respect 
to z as many times as necessary allows to eliminate 
the variable s(z, t) and its derivatives appearing in the 
momentum equation, the final expression being of 
the form 
A., q:-.::, + Dmq,..: + Dioq... + D22q!:„ + D2i q.;, 
+ ^20?:.- + Dnq., + Dmq. + D02q„ 
+ D0iq,= -So#,(0 (17) 
which must be solved with the boundary and initial 
conditions 
q(±A,t) =
 q!(±A, t) = 0 (18) 
qU,0) = q,(z,0) = Q (19) 
where the boundary conditions qz{ ± A, 0 = 0 comes 
from (11) and s ( + A, t) = 0 whereas initial conditions 
q,(z, Q) = Q results from (12) and (15). Note that in 
equation (17) all functions Du depend only on z but 
not on the time t [the expressions of the different £>,7 
(z) can be obtained upon request to the authors]. 
Let Q(z, h), S(z, h) and B(/i) be the Laplace trans-
form of g(z, r), s(z, t) and $?(0 respectively. Then, in 
view of initial conditions, the subsidiary equation of 
(17) is 
D4Qaa + D3Q,„ + 
D2Q!Z + D,Q2 + D0Q-- -50AB(/«) (20) 
Q(±A,h) = Q!{±A,h) = 0 (21) 
where the functions D, are 
D^DA0 + hD4], D3 = DM, 
D2 = D20 + hD2]+h2D22 
D^Dn + hDu, D0 = hDm+h2D02. 
The subsidiary continuity equation is 
/iS(z,/i) + Q2(z,/i) = 0. (22) 
Equation (18) has to be solved numerically [the 
functions D, depend on the equilibrium interface 
shape S0(z) and its derivatives and even S0(z), except 
in a few cases in which there is known analytical 
expressions of Sg(z), has to be calculated numeri-
cally]. To solve the problem an implicit finite-differ-
ence method, similar to the one described in [1] and 
[4], has been used, with a five-point scheme for the 
evaluation of the spatial derivatives 
( < U = ( Q , - 2 - 8 Q ; - , + 8Q,+ 1 - Q ; + 2) 
/(12A) 
(Q«)> = ( - Q ; - 2 + 1 6 Q ; - , - 3 0 Q ; 
+ 1 6 Q J + , - Q ; + 2)/(12A2) 
(Q»), = ( -Q; -2 + 2 Q , - , - 2 Q , t l 
+ QJ + 2)/(2A3) 
(Q««)/ = ( Q ; - J - 4 Qy_, + 6 Q, - 4 QJ + , 
+ Q;
 + 2)/A4 
where A = 2 A/m, m being the number of equally 
spaced steps used in the numerical integration (see 
Fig. 1). Substitution of (23) into (20) gives 
D'UQJ-I + D'-IJQJ-I+DSJQJ 
+ D fj QJ + 1+D tj Q, + 2 = S0ih B{h) (24) 
with 0 ^j -^ m and 
D*±2J = (12Z)4, ± 6D}JA - D2jA2 + fi1;A3) ' 
/(12A4) 
(23) 
D ± w : ( -12Z) 4 ,+ 6Z)3.A + 4£i2,A
:! y (25) 
± 2 51;A3)/(3A4) 
D$j={\2DAJ- 5 D2JA2 + 2£>oyA4)/(2A«). 
Boundary conditions are 
Q(/l,/i) = 0->Qm = 0 
Q , ( - / l , / 0 = 0 - Q _ 2 - 8 Q _ 
- Q 2 = 0 
+ 8Q, 
Q,(/l,/I) = 0 - > Q „ , _ 2 - 8 Q m _ 1 
+ 8Qm + , - Q . + 2 = 0. 
(26) 
In conclusion, there are m + 3 unknowns: m — 1 
unknowns come from the velocity at nodes inside the 
liquid bridge (note that according to (26) is 
Qo = Qm = 0) P m s the velocities at the four nodes 
outside (two at each side, Fig. 1) needed to fulfil 
boundary conditions, and there are m + 3 equations, 
in + 1 results from (24) plus the two last from (26). 
This system of m + 3 equations with m + 3 un-
knowns can be written as 
(27) PHQ}={T} 
so that the problem solution would be 
{Q} = [Z>]-'{T}. (28) 
Once Q ; is known at j ~ - 2, ... , m + 2, equation 
(22) allows to calculate S,.at j = 0, ... , m and then, 
by using the inversion theorem [9] q(z, t) and s(z, t) 
can be obtained. 
Taking into account the kind of perturbation here 
considered (a sudden displacement of the whole 
liquid bridge along its axis) it is clear that equation 
(28) has no poles at h = 0, so that the inverse 
transform of Q(z, h) would be formally 
?(*. ')= I /(z.AJexp (h„t) (29) 
h„ being the poles of Q(z, h) or, in other words, the 
roots of det(D) = 0. 
Thus, it will be enough to calculate these poles h„ 
if we are only interested in the damping process 
experienced by the liquid bridge after it has been 
perturbed. According to analytical results presented 
in [7], if the liquid bridge configuration is stable these 
roots are either of the form h„ = y„ ± iwn if the 
viscosity parameter C is smaller than a critical value 
C* (where C* depends on n and on the parameters 
that define the liquid bridge configuration) or of the 
form h„ = v„i, y„2, where both ynl and y„2, are negative 
real numbers if C > C*. 
Before pursuing further it would be convenient to 
point out some characteristics of the liquid bridge 
response, already stated in [7] for cylindrical liquid 
bridges between equal disks (obviously the behaviour 
is qualitatively the same no matter the values of V, K 
and B are, provided the liquid bridge configuration is 
stable). 
For a given liquid bridge configuration, that is, 
once /l, A", B and V are fixed, all the roots are 
imaginary (y„ = 0) if C = 0, and consequently the 
liquid bridge response will be oscillatory, without 
damping, as one could expect from an inviscid move-
ment, and all the oscillation modes will be present in 
the liquid bridge response. As C increases, the value 
of y„ becomes more and more negative, whereas the 
absolute value of a>„ decreases. That means that all 
oscillation modes are damped, their oscillation fre-
quencies being smaller as C grows. For each oscil-
lation mode there is a critical value C — C* beyond 
which the associated movement is only damped, 
without oscillation (a>„ = 0). 
Concerning the importance of the different oscil-
lation modes in the liquid bridge dynamics it must be 
pointed out that the only significative oscillation 
mode is the first one by two reasons. The first one 
concerns the amplitude of the different oscillation 
modes, much larger in the first oscillation mode than 
in the following ones and the second is that, in the 
case of damped oscillations, the absolute value of y„ 
increases as the index of the oscillation mode, n, 
grows; therefore, all oscillation modes are damped 
much quicker than the first one (oscillation modes 
different from the first one are only important for 
short times when all of them appear to fulfil the initial 
conditions [7]). 
The dependence on K, B, V and C of the roots 
corresponding to the first oscillation mode, which is 
the only significative for C # 0, of a liquid bridge 
with slenderness A = 2 is shown in Figs 2-4. 
The influence of the liquid volume is shown in 
Fig. 2 (K = 1, B = 0) whereas the influence of either 
the ratio of the diameters of the disks or the Bond 
number (for liquid bridges having cylindrical volume) 
are shown in Figs 3 and 4, respectively. For each of 
these plots the same behaviour can be observed; for 
a given value of C the resonance frequency, a>,, 
decreases and the absolute value of damping factor, 
y,, increases as the liquid bridge configuration 
approaches the corresponding stability limit; close 
enough of the stability limit there is a region in which 
co, = 0 and the absolute value of y, decreases. The 
damping factor becomes zero at the stability limit and 
it is greater than zero for unstable liquid bridge 
configurations [7, 10]. 
The dependence on the dimensionless parameter of 
viscosity, C, of the real and imaginary parts of the 
root corresponding the first oscillation mode, y, and 
a>i, respectively, of a liquid bridge with A = 2, K = 1, 
B = 0 and different volumes is shown in Fig. 5. The 
main characteristic to be pointed out from this plot 
is that the damping factor y, varies almost linearly 
with C no matter the values of the remaining liquid 
bridge parameters are. This linear dependence of y, 
on C is of great help when theoretical results are 
Fig. 3. Variation with the dimensionless viscosity parameter. 
C, of the real and the imaginary parts of the root of 
D(A,h)~0 corresponding to the first oscillation mode, 
l'i =fi± iw, • Numbers on solid lines indicate the values of 
AT whereas numbers on dashed lines indicate the value of the 
•viscosity parameter C. These results correspond to liquid 
bridges with slenderness A — 2, VjVc=\ and B = 0. 
compared with experimental ones because it allows 
the comparison of both types of results independently 
of the value of surface tension, which is difficult to 
measure. 
In order to check theoretical predictions, the 
transient response of liquid bridges subjected to 
a small perturbation in the axial acceleration 
has been measured. Experiments have been carried 
out by working with very small liquid bridges 
Fig. 2. Variation with the dimensionless viscosity parameter, 
C, of the real and the imaginary parts of the root of 
D(/l,/i) = 0 corresponding to the first oscillation mode, 
''i = yi ± 'coi. Numbers on solid lines indicate the values of 
V/Vc whereas numbers on dashed lines indicate the value of 
the viscosity parameter C. These results correspond to liquid 
bridges with slenderness A = 2, K = 1 and B = 0. 
Fig. 4. Variation with the dimensionless viscosity parameter, 
C, of the real and the imaginary parts of the root of 
D(A,h) — 0 corresponding to the first oscillation mode, 
h, = ft ± /co,. Numbers on solid lines indicate the values of 
B whereas numbers on dashed lines indicate the value of the 
viscosity parameter C. These results correspond to liquid 
bridges with slenderness A = 2, K/Kc= 1 and K = \. 
Fig. 5. Variation with the dimensionless viscosity par-
ameter, C, of the real and imaginary part of the root of 
D(A,h) = 0 corresponding to the first oscillation mode, 
h,=y, ± ico,. Numbers on lines indicate the value of K/Kc. 
These results correspond to liquid bridges with A = 2, £ = 1 
and B = 0. 
(R0= 5 x 10~4m) and using distilled water as 
working fluid. The liquid bridge, initially at rest, is 
suddenly displaced vertically a distance of the order 
of R0 and the subsequent evolution recorded, so that 
the damping time constant of the evolution until the 
final equilibrium state is measured. A number of 
experiments have been performed, varying either 
the volume of liquid or the distance between disks, 
experimental results have been published elsewhere 
[11] and they show the same trends as theoretical 
predictions. 
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